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Abstract: D-instantons are used to probe the near- horizon geometry of D3-branes sys- 
tems on orbifold spaces. For fractional D3-branes, D-instanton calculus correctly repro- 
duces the gauge /3-function and U(1)r anomaly of the corresponding M = 2 non-conformal 
Super Yang-Mills theories. For D3-branes wrapping the orbifold singularity, D-instantons 
can be identified with gauge instantons on ALE space, providing evidence of AdS/CFT 



O 



duality for gauge theories on curved spaces. 



O 

The duality between M = 4 Super Yang-Mills theory (SYM) in four dimensions and 
type IIB string theory compactified on AdSs x S 5 JTj] has provided a first concrete example 
of how a string theory can be extracted from a gauge theory. A remarkable result is that 
Ph! the multi-instanton moduli space of SU(N) M = 4 SYM reproduces in the large N limit 
the ten dimensional near-horizon AdSsxS 5 geometry of the dual type IIB supergravity @. 
This allows to establish a careful correspondence between instanton dominated correlators 
in gauge theory and D-instanton corrections to the supergravity action, thus providing a 
non trivial check of the AdS/CFT duality. 

Recently, many interesting generalizations of this duality to more realistic non-confor- 
mal gauge theories have been considered. In this context, the study of type IIB string 
theory on orbifold spaces play a major role. A general class of models with a lower 
amount of supersymmetry is in fact defined by locating a stack of D3-branes at a M 6 /T 
singularity, where T is a discrete subgroup of 50(6) = SU(4:) R . Depending on whether T 
is embedded in an 5£7(4), SU(3) or 577(2) subgroup of 5?7(4)#, the resulting low-energy 
Yang-Mills theories display respectively M = 0, 1, 2 supersymmetry ||. Moreover, if one 
consider fractional branes, which do not have images under the action of the group T, 
the corresponding gauge theories turn out to be non-conformal [ffl; various supergravity 
solutions of this kind have been studied for the M = 2 case ||. However, in all these 
models the short distance region of the space-time is excised by an enhangon mechanism, 
and additional states have to be taken into account to describe this region. In the gauge 
theory, the enhangon radius corresponds to the scale where instanton effects become 
relevant, thus one can expect that D-instantons come into play on the supergravity side. 
In H, the low-energy dynamics of the D(-l)-D3 system in presence of fractional branes 
have been considered, along the lines of the analysis carried out in || [7| for the conformal 
case. The D-instanton partition function has been shown to factorize already at finite 
N in a term associated to the overall center of mass degrees of freedom, which describes 
the geometry of the space where the D-instantons are moving, and an effective matrix 



model describing internal degeneracies of the k D-instantons bound state. In the present 
discussion, we focus on the pure M = 2 SYM theory. A more general analysis can be 
found in 0, to which we refer also for the notations and conventions and for a complete 
list of references. The pure M = 2 SYM action describes the low-energy dynamics of 
a stack of N fractional D3-branes lying at a R 4 /r singularity ||. This theory can be 
obtained by means of a T-projection on the M = 4 SU(N) gauge theory associated to iV 
nearby D3-branes moving on a flat space-time. Analogously, the multi-instanton moduli 
space measure and multi-instanton action of pure M = 2 can be read from the low- 
energy lagrangian describing the dynamics of a fractional D(-l)-D3 system on R 4 /I\ We 
recall that the effective theory for k D(-l) and iV D3-branes moving on flat space is given 
by the dimensional reduction to + dimensions of an M = 1 U(k) gauge theory in 
D = 6 with vector multiplet (x a , ^aA, D c ), one hypermultiplet transforming in the adjoint 
representation (a a a,M. A ) an d N transforming in the fundamental representation (and its 
conjugate), denoted by («)„, \i A \ w a , /r 4 ) []. The low-energy excitations of the fractional 
D(-l)-D3 system are defined by the T-projection on these fields, which for T = Z p reads[] 

^ = e 2 ^/i A fl A = e 2 ^fl A 
M A = e 2 ™ q -TM A \ A = e 2m ^\ A 

X AB = ^^AB (1) 

with q 1 = q 2 = 0, q 3 = — g 4 = 1. All the other fields w a , a m , D c ) are invariant under 
the Z p orbifold action. The net effect of the projection ([!]) on the bosonic fields is to set 
to zero the components (xi, X2, X4; Xs) °f the vector field Xa, which roughly describes the 
position of the D-instantons in the transverse space to the D3-branes. Thus the fractional 
D-instantons are allowed to move only on the orbifold plane (x3, Xe)- As for the fermionic 
fields, it is easily realized that the projection (|I|) breaks the SU(4) 7£-symmetry group of 
the Af = 4 theory down to SU (2)^ x U(i)n, where SU(2)^ is the automorphism group and 
U(1)ti the anomalous TZ charge of the M = 2 SYM theory. By introducing the complex 
coordinates on the orbifold plane 

<P = 2x43 = 2% 12 = 4|(-X3 + iXe) 

4> = 2 X21 = 2 X 34 = i=(- X 3-^6) , (2) 

we can now write the M = 2 multi-instanton action as 

"Sfcjv — — oSg + Sk + Sd (3) 
% 



with 



S G = tr fc (2[0, 0] 2 + ^A AA [0, X aA ] - D C D C ) (4) 
S K = tr fc (20L0 - v / 2z7r0(// i // A + M a A Mj)) 

S D = tr fc (z7r(-[a Qci , M aA ] + fi A Wa + Wa^ A )X\ + D c (wr c w - if] c mn [a m , a n \) 



1 Here a = 1, ... ,6 stands for the vector index in the SO(6) group acting on the transverse space to the D3-branes, 
a, a = 1, 2 for spinorial indices of the Lorentz group acting on the longitudinal space, and A = 1, . . . , 4 for the fundamental 
index of the internal S'(7(4)^{ = ^0(6) group. Finally, c = 1, 2, 3 labels the auxiliary fields of the vector multiplet |H|. 

2 We adopt the notations of M . Given the local group isomorphism SO(6) = ST/(4), SO(6) vectors can also be written 
as XAB = ^'XgXa/VS, with given in terms of the t'Hooft symbols. 



where we have defined the linear operator L ■ Q = {W°, Q}/2 + [a m , [a m , ft]], with W-j = 
w" u w U ja- It is worth to remark that the multi-instanton action (|3|) can be easily twisted 
into a topological matrix model ||. Thus, the parameters appearing in this action can be 
continuously deformed without affecting the results on the computation of the observables, 
as long as they are well defined. In particular, the partition function can be evaluated in 
the limit go — > oo; life is much simpler in this limit, since the term Sg in (§) is suppressed 
and the fields (D c , \ A ) become lagrangian multipliers implementing the ADHM constraints 
in So @. In order to explicitly evaluate the partition function it is moreover convenient 
to define the SU(N) gauge invariant variables W™,(ij A through 

Wg = w? u w uj& , W% = w? u riw uj c= 1,2,3 

l4u = «-„ jn Cj) A + vf u , with wf u v A = 0, 

fitu = CiijKj + U iu with Viu W ujh = (5) 

and perform the integrations over the iso-orientation modes (parameterizing a point in 
the coset space su ^^2 k )xu(i) ^ anc ^ over their "fermionic superpartners" v A , v A . Then 
by integrating out the auxiliary field D c we enforce the bosonic ADHM constraint W c = 
iVmnl a n, a m], while the integration on A^ enforces the fermionic constraint. After these 
manipulations, we are finally left with the SU(N) invariant measure [0] 

Z KN = ^ J d k2 W°d" k2 ad k2 <l>d k2 ^d" k2 Md" k2 C 

x (det 2fc H/det fc 2 ) e" 5 ^ , (6) 



with 



S k ,N = -4mtr fe 0A 12 + tr fc (20L0) (7) 

2'2kN-4:k 2 +k 7l 2kN-2k 2 +k 
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c)2kN- ... .,. ,. 

„ I ^)^\HN-2k)Ak 2 



The determinant factors in (|6p come from the Jacobian of the change of variables ([5]) and 
from the integration on the fermionic variables v A , v A . 

We would like now to factor out the dependence on the center of mass degrees of 
freedom in (J|) in order to get informations on the near-horizon geometry of our model. As 
we will see shortly, this can be done already at finite N. Inspired by large N manipulations 
of [[| we split each U(k) adjoint V-field into its trace and traceless part 

V = v lkxk + v . (8) 

At this point it is convenient to rescale the various traceless components of the fields in 
the following way 
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Wo = p 2 (l + W ) 

Mi = j*£i + pa a ^t A + p^Mi . (9) 

From (|9]) it follows that the variables x m , p 2 , f}£ are the trace components associated 
to the overall bosonic and fermionic translational/conformal zero modes, while r is the 
distance of the D-instanton probe from the D3-branes Our results can be expressed in 
terms of this quantity and of the adimensional variable y = rp. In fact, plugging (^) in 
(0) and taking care of the Jacobian involved in the rescalings, one can easily check that 
all dependence in the center of mass variables r, x m , •& factors out as 

Z KN = d k , N fd^x m r 3 drd^e- iikN \- 2kN e MkT0 d^d 4 fj 

= d KN j ' d A x m r 3 drd$e 2mkr{r) d 4 £d*fj . (10) 

In flTU| ) we can easily recognize the AdSsX S 1 volume form d 4 x m r 3 drd$, multiplied by 
a power of the complex coordinate re 2,1 " 9 . Remarkably, this deformation of the AdSsxS 1 
factor can be completely reabsorbed in the following redefinition of the complex coupling 

27m-(r,tf) =iB- 4^7 = i(9 Q -4N#) - ^-2N\n(r) . (11) 

g(r) 2 go 

If, as usual in AdS/CFT correspondence, we identify the AdS radial coordinate r with the 
dynamical energy scale /i of the SYM gauge theory, we can read from the term multiplying 
the logarithm in (|TTD the first coefficient in the expansion of the (3 function for the gauge 
coupling 

P = r ±g( r ) = -b ig 3 /167T 2 + ... . (12) 

with b% = 2N, in agreement with the field theory result. Moreover, the extra phase factor 
e -AikN® j n (|Jq[) correctly reproduces the U(1)r anomaly of M = 2 SYM. Notice in fact that 
the angular rescalings in @ correspond to an U(1)r transformation on the fields of the 
M = 2 SYM. Due to the presence of instantons, such a transformation is not a symmetry 
of the lagrangian, but induces a variation of the 9 parameter precisely equal to that we 



have found in (|TT|) . This also imply that in order to have a non-trivial correlation function 
one should consider the insertion of suitable operators carrying n = 4kN fermionic zero- 
modes. An interesting example could be the single or multi-trace composite operators 
of scalar fields, which have been shown not to get perturbative anomalous dimensions in 
M = 2 theories || . Finally, the dk,N m Ql0|) are numerical coefficients given by integrals on 
the left-over SU(k) variables, which describe the internal dynamics of the k D-instanton 
bound state. They can be computed only in a limited number of cases, and notably 
in the large iV limit where they are an important ingredient to check the AdS/CFT 
duality [f2|. The formulation in terms of topological matrix theory is a crucial tool in this 
evaluation, and could be useful also for finite N computations. However, we remark that 
the coefficients dk,N do not involve powers of r, and therefore cannot affect the result 
found in (0). 

3 Actually r = d/a' ', where d is the distance from the D3-branes in the orbifold fixed plane. 

4 We use coordinates where the AdSsX S 1 metric reads ds 2 = j^dx 2 ^ + ^-dr 2 + i? 2 c(i? 2 with R 2 = y/i-wg a N , g B 
being the string coupling constant. 



Summarizing, the near-horizon geometry turns out to be a deformed AdSsxS 1 , where 
the deformation is entirely determined in terms of the one-loop (3 function and U(1)r 
anomaly of the underlying gauge theory. By means of the technique just described one 
can study also more general configurations containing regular D3-branes and regular D- 
instantons. Since these last possess images under the discrete group T, they can leave the 
orbifold plane and roam in the entire transverse space, probing the complete AdS5xS 5 /Z p 
geometry ||. 

Let us now comment on the case in which the orbifold quotient is taken along the 
directions longitudinal to the D3-branes system ||. This means that the discrete group 
T is now embedded in an SU{2) factor of the Lorentz group £0(4) = SU{2)l x SU(2)r, 
say for definiteness SU{2)l. The projection is thus similar to that in ([I]), but now T 
is acting on the spinor indices of SU(2)l. Moreover, the orbifold group acts non 
trivially also on the Chan-Paton indices. Thus, starting from a solution with instanton 
number K = J2 q k q and gauge group U(N), N = J2 q N q , the surviving components turn 
out to be 

q A A 

W a = w ai q u q ^ q = ^i qUq 

af = af + , Mi Aa = Mfl , 

1 l q+qaJq 1 l q+quJq 

= Xtl D n = D lj a ^ = ^tla ■ ( 13 ) 



They correspond to block matrices with block indices i q = 1, . . . , k q , u q = 1, . . . , N q , and 
q — 0, . . . ,p — 1 for T = Z p . All sums in q are from now on understood modulo p. Notice 
that, contrary to the previous case (0), the whole M = 4 supersymmetry is preserved 
by this projection since T acts in the same way on the different components of a given 
supermultiplet. The moduli space of multi-instanton solutions and ADHM constraints 
can be described in terms of the invariant components flilf). In particular, the moduli 
space is spanned by the super-coordinates in the first two lines of (|HJ). The presence 
of dimD c = 3kg bosonic ADHM constraints for each q and of the auxiliary gauge group 
Uq U {k q ) reduces the number of independent bosonic degrees of freedom to 

dimM B =AY,(k q N q + kK- k2 q ) > (14) 
<? 

where k q = \ J2 a kq+q a > with qi = —q2 = 1 Analogously, due to the presence of dim X Aa = 
8kg fermionic ADHM constraints for each q, the number of independent fermionic degrees 
of freedom is 



dimM F = 8y2(k q N q + k q k q - k 2 g ) . (15) 



The resulting dimensions of the moduli space in (0) and (|T^) are in agreement with 
that obtained from the Kronheimer-Nakajima construction of gauge instantons on ALE 
spaces [|1(|. Thus, in presence of D3-branes wrapping an R 4 /Z p singularity, we are led, 
following 0, to identify D- instantons with self-dual connections for non-abelian gauge 
theories living on ALE spaces. An important new feature emerges in this case; indeed, 
since ALE manifolds support non trivial two-cycles, the first Chern class is in general 
non-vanishing and characterizes the instanton solution together with the second Chern 
class usually considered on flat spaces. In particular, instanton solutions with vanishing 
first Chern class must obey the condition M 



N q + 2k q -2k q = for q > 0. 



(16) 



We remark that only in these cases the second Chern class coincides with the instanton 
number defined as -K"/|r| = K/p. ([16]) is a highly non trivial constraint on the allowed 
values of (k q ,N q ). In the simplest case, i.e. the SU(2) bundle on the Eguchi-Hanson 
blown-down space M 4 /Z 2 , solutions to fllTf ) are given by either N = (2,0), k = (k,k) or 
N = (0, 2), k = (k — 1, k). The corresponding instanton solutions have respectively integer 
and half-integer second Chern class, while the dimension of the moduli space computed 
from flLl]) turns out to be equal to 8k and 8k — 4 respectively, in agreement with [HJ. A 
computation of the partition function for the lowest value of the Chern class, c 2 = 1/2, 
was carried out in |1(J yielding the bulk contribution to the Euler number of the moduli 
space?]. 

The low energy action for this D(-l)-D3 system can be easily obtained by implementing 
the T-projection flT3| ) on the U(k) effective gauge theory of the parent D(-l)-D3 system 
living on flat space. Since the whole 50(6) 7£-symmetry is clearly preserved by the 
projection, this action describes instantons in an M = 4 gauge theory, living on an ALE 
space. It is a straightforward exercise to apply the techniques previously described to 
show that for a regular D-instanton probe the center of mass degrees of freedom factor 
out from the multi-instanton measure and describe a point in an euclidean S 5 x AdS§ /Z p 
space, with Z p acting on the four-dimensional R 4 boundary of the AdS§ || . 
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